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Introduction
von Neumann entropy
@ Density matrix:
= pilvy><yyl,
J

with 0 < pj <1, ijj =1, < ijjk >= 6j,k-
@ von Neumann entropy:

Sw [p] = —Tr (plnp) = ijlnpj

@ Positivity: Syn [p] > 0, with Sy [p] = 0 if and only if
p = |v >< | is a pure state.
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Introduction

Shannon entropic uncertainty principle

For+ € L2(R") and ||1)[|;2 = 1, [1(x)|? is the probability density
for the particle’s position. Define its Shannon entropy:

H[10E] == [ 10002 (100 2) ox

Not bounded below! Example: for the Gaussian measure

1 _ A2
Y(x) = {‘/?e 22 a>0
T

H [W] - %m(waZe).

Thus, as a — 0%, we have H [|¢[?] — —cc.

we have:
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Introduction

Shannon entropic uncertainty principle

However, if we consider also the Shannon entropy of the
Fourier transform

(Fn)(p) := (27r1h)”/2 /]R" w(X)e_%X'pdx ,

we obtain the entropic uncertainty principle (Hirshman (1957),
Beckner (1975), Biclynicki-Birula and Mycielski (1975)):

H [[9] + H [|Fap?] > nin(xhe)

with equality if and only if ¢ is a Gaussian.
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Introduction

Shannon entropic uncertainty principle

This is stronger than Heisenberg UP. In dimension n = 1
Shannon’s inequality reads:

H(p) <Inv/2meV(u),

where V() is the variance associated with the probability
measure p. Then, it follows that:

< V(|9 P)V(IFm[?)

a\2  g2HllwPl+2H[| Frl?]
(2) - (2me)?
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Introduction

Rényi entropic uncertainty principle

@ Rényi entropy of u:

Ho ] =+

()

for1 < a < oo.
lim Hq [u] = H[y]
a—1

N.C. Dias, J.N. Prata Quantum Wigner entropy



Introduction

Rényi entropic uncertainty principle

@ Entropic uncertainty principle:

In(2c) In(20)
2a—1)  T2(-1

provided 2a and 23 are Hélder conjugates:

H, [W} + Hs [yfhzmz} >n [In(th) +

1 1
49
a+6

@ If « — 1 we recover the Hirshmann UP.
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Introduction
Metaplectic entropic uncertainty principle

@ Let S € Sp(2n) be a free symplectic matrix:

A B
S:<C D) ,detB#0

@ Metaplectic operators:
(Mp(S)¥) () = (S¥) () :=

(DB~ 1¢+xB~ 1 Ax)— £x-B~1¢
(2mhi) n/2,/|detB fR" ezr " ax
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Introduction
Metaplectic entropic uncertainty principle

Examples:

@ Fourier transform: S=J = < 8, (I) )
@ Fractional Fourier transform:
A = D = diag(cos(#1),- - ,cos(6s)) and
B = —C =diag(sin(#1),--- ,sin(6n))
@ Fresnel transform: A=D =1/, C =0 and
B = diag(by,- -, bn)
@ Lorentz transform: A = D = diag(cosh(¢1), - - - , cosh(¢n))
and B = C = diag(sinh(¢1), - - ,sin(¢n))
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Introduction
Metaplectic entropic uncertainty principle

@ Entropic uncertainty principle:

H [fs}mz] +H [|é§¢|2] > nin [det(BzAI . AZBI)weh]
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Introduction
Phase space entropic uncertainty principles

@ Phase space: R” x (R")* ~ R?", z = (x, p) € R?"
@ Wigner functions:

W >< ¢l = W(,¢)(x.p) = -
= @y Jrn V(X +y/2)¢(x — y/2)e” 1V Pdx

v >< | — Wi(x,p) = -
= (27:7n)n Jrn V(X + y/2)0(x — y/2)e 1V Pdx
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Introduction
Phase space entropic uncertainty principles

79) (0 = [ stxypot)oy

where

p(x,y) = p(x)d(y)
J

Then:

/p\’_> Wp(X,p) = ,
= ﬁ Jgnp(X+y/2,x — y/2)e" ¥ Pdx =
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Introduction
Wehrl entropy

@ Husimi function:

pr=Qp(z) = (;W Jxen e nlzwP Wp(w)dw

Qp(z) >0, ¥z € R?"

@ Wehrl entropy:

Swlo] = H[Qp] = - /R _Qp(2)In(Qu(2)) a2
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Introduction
Wehrl entropy

@ Entropic UP:

Theorem (Lieb,Carlen)

We have:

Swp] > 1
Moreover, we have an equality if and only if p is a Gaussian
coherent state.
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Introduction
Lieb entropy

@ Lieb entropy:

WP Wii(2) rww(zﬂz)
Sulv] = H = | i
L[¥] [uwwuél /Rzn W13 n( W3 :

@ Entropic UP:

Theorem (Lieb)

We have: .

S, ] > 2nn (”29)
Moreover, we have an equality if and only if 1 is a Gaussian
function.

@ Problem: Not easy to extend to mixed states!
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Introduction
Quantum Wigner entropy

@ Quantum Wigner entropy suggested by van Herstraeten
and Cerf:

She ) = HIWol == | Wolz)in(W(2) dz
@ Problem: Wigner functions are not positive in general
(Hudson’s Theorem). Thus, the definition of quantum

Wigner entropy applies to Wigner-positive states
Wp e W only!
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Introduction

Quantum Wigner entropy

Conjecture (van Herstraeten, Cerf)
@ There exists C > —oo, such that

Shelpl = C, YWp e W*

© The sharp constant is: C = nin(erh)

© The minimum is attained in W if and only if Wp is a
Gaussian pure state.
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Introduction
Quantum Wigner entropy

Valid for:
@ Gaussian states
@ Passive phase-invariant states of the harmonic oscillator:

Tr [5oH| < T [UppUMH|
Harmonic oscillator (W. Pusz and S.L. Woronowicz, 1978):

Pp = Zpk’k >< K|, Pk > Prit
k=0
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Introduction
Quantum Wigner entropy

@ Rényi entropy:

(67

Sa [p] = Ho [Wp] = In([[Wplla) , 1 <a<oo

11—«

Conjecture (van Herstraeten, Cerf)
We have

Suldl = (ln(wh) ¥ ('j(“’) ,

for all Wp € W.
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Introduction
Quantum Wigner entropy

@ Our results (N.C. Dias, JNP, 2023):
Let Wp € L'(R?") and define

_ [Wp(x,p)|
ﬂp(xno) - HWP”U

Theorem (Dias, JNP, 2023)

We have
H[/-LP] > nIn(27rh) ’

for all Wp € L'(R?").

® |Cyyc — Cpp| = n(In(erh) — In(2mh)) ~ 0.306853n
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Introduction

Quantum Wigner entropy

Theorem (Dias,JNP)
Let Wp € L'(R?"). We have:
@ For2 < a<oo:

a—1

Ha [pp] = 1 (m(m) n '”(a)) |

with an equality if and only if Wp is a Gaussian pure state.

@ Fori<a<?2:
Hy [11p] > nin(27h) |

and there is no Wp for which we have an equality.

@ Notice that 0.693147 ~ In(2) < (o) =9 forall 1 < o < 2.

a—1
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Introduction

Quantum Wigner entropy

@ Lieb-type inequality:

Theorem (Dias, JNP, 2023)

Letq,0 be suchthat1 < g<2and2—q < 6 < 1. Suppose
that W(f, g) € L'(R?") and f, g € L?(R"). Then:

_ n
IW(,g)lls < ()" [ 2] >

x (MW )ll)?9 N1l 2Nl 2
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Introduction
Quantum Wigner entropy

Corollary (Dias, JNP, 2023)

With the same conditions and Wp € L' (R?"):

_ 2(1-0)
Wolle < —— (22w,
PllL (ﬂ_h)n/q/ — PliL
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Quantum Wigner entropy; Feichtinger states

o Let
_ |Wp(2)|

S 7
@ We define the quantum Wigner entropy of p as:

Swolel = il = = [ | mo(2)n (uo(2)) oz

@ Properties:
(1) For Wigner-positive states, 11, = Wp, and H[p,] = H[Wp].
(2) For p=pa® ps, we have y, = p,, - j1,, and hence:

Hlp] = Hlrpal + Hlpps]
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Quantum Wigner entropy; Feichtinger states

@ Properties (cont.):

(3) Let S € Sp(2n), S an associated metaplectic operator, and
p a density matrix. Let

p =S5pS
If the associated Wigner functions are Wp and W', then:
Wp'(2) = Wp(S™'2)

Consequently:
Hlupy] = H[p,]
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Quantum Wigner entropy; Feichtinger states

@ Properties (cont.):

(4) wo(x, p) does not have the correct marginals (except for

Wigner-positive states).

For example: 1st excited state of the harmonic oscillator

and
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Quantum Wigner entropy; Feichtinger states

@ Properties (cont.):

(4) If we consider |x| > /%, then:

[ mr(x.prop = ot
RO n/ah(1/ve—1/4)

which is different from

2
R = 2 e %

v mh

(5) The quantum Wigner entropy is, in general, not concave
(except for convex combinations of Wigner-positive states)
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Quantum Wigner entropy; Feichtinger states

@ The domain of the quantum Wigner entropy
With our definition, we require Wp € L' (R?"). There are
Wigner functions for which this is not true. A simple
example is the free particle in a box 0 < x <1 (in units
h=1):
Yn(x) = V2sin(nrx), ne N

with Wigner function

Win(x.p) = 2 | ™G+

+75i"§2(’;(f,;”)”)) — cos(2nmX) L(gpx)}

Clearly, Wi, ¢ L'(R2™).
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Quantum Wigner entropy; Feichtinger states

@ The domain of the quantum Wigner entropy (cont.)

We call states such that Wp € L' (R?") Feichtinger states
(see C. de Gosson, M. de Gosson, 2021).

This is by analogy with the Feichtinger algebra Sy(R").
We have ¢ € So(R") if Wey(z) € L'(R2"). This is a Banach
space with respect to the norm

[Pllsy = IW(, @)l

for some fixed ¢ € S(R"). It is a minimal space in the
sense that it is the smallest Banach space which is
invariant under phase-space translations. Moreover, it is a
Banach algebra with respect to both pointwise
multiplication and convolution (H.G. Feichtinger, 1981).
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A new Lieb-type inequality for Wigner functions

@ Lieb inequalities:
Theorem (Lieb, 1990)

Letg>2andq <p,p <q. lff e LP(R") and g € LP (R"),
then W(f, g) € L9(R2") and we have:

IW(F, 9l La(rzny < C(P, G MI]] Loy 1G] 1 gy »

where C(p, g, n) is a positive constant. For q = 2, we have an
equality for all f, g € L?(R"). If g > 2, we have an equality if and
only if f and g are a matched Gaussian pair.

4
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A new Lieb-type inequality for Wigner functions

@ Lieb inequalities (cont.): A straightforward corollary is:

Corollary (N.C. Dias, JNP, 2023)

Let Wp be some Wigner function and 2 < q < co. Then we
have:

1 n/q
|Woll Lameny < [Q(WFLW]

If @ = 2, we have an equality if and only if the state is pure. If
g > 2, we have an equality if and only if Wp is a Gaussian pure
State.

4
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A new Lieb-type inequality for Wigner functions

An immediate consequence is a simple proof that the
Wigner-Rényi entropy

Sa [p] =

«
1 (lsgla)

is bounded below for o > 2.
Since ||Wp||;+ > 1, we have:

o« =
g [Woll

1 n/a
<||Wpl|lte < | ————

Thus:

Salpl = n [In(ﬂh) n '“(04)}

o —1

with an equality if and only if Wp is a Gaussian pure state. This
proves the conjecture of van Herstraeten and Cerf for the case
a > 2.
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A new Lieb-type inequality for Wigner functions

However, for the case 1 < « < 2, the situation is more delicate.
There is a Lieb inequality but with an opposite inequality:

@ Lieb inequalities (cont.):
Theorem (Lieb, 1990)

Suppose that y — f(x + y/2)g(x — y/2) € L'(R") for a.e. fixed
x € R", and 0 < [[W(f, g)||Lo(meny for some 1 < q < 2. Then
felP(R") andg € LP(R") forq < p,p' < ¢, and we have:

IW(f, 9)lLageny = C(P, G, N)|[Fl o) ||l Lo ey

where C(p, g, n) is a positive constant. Moreover, we have an
equality if and only if f and g are a matched Gaussian pair.
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A new Lieb-type inequality for Wigner functions

We need a new inequality:

Theorem (Dias, JNP, 2023)

Letq,0 be suchthat1 < q<2and2—q < 6 < 1. Suppose
that W(f,g) € L'(R?") and f, g € L2(R"). Then:

n
IW(t,9)lle < ()7 [ 2528 ]

x (27| W(F, @)lls )" 1l 20191l 2
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A new Lieb-type inequality for Wigner functions

Corollary (Dias, JNP, 2023)
With the same conditions and Wp € L'(R?"):

N\ 2(1-0)
IWollee < —— (129" 1wl
(h)"a \q—0
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Proof that the quantum Wigner entropy is bounded
below

Theorem (Dias, JNP, 2023)
We have

Ste [pl = Hlup] = nin(27h)

for all Feichtinger states Wp < L'(R?"). Moreover, there is no
Wp for which we have an equality.

@ Sketch of the proof: Let
f=1-—c,q=14c+é
where € > 0 is sufficiently small, so that:

0<2-qg<bO<At
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Proof that the quantum Wigner entropy is bounded

below

@ Sketch of the proof (cont.): Let

1

Ko:=——
¢ €+ €2

(1) = (1 + e+ )
where J,(q) denotes the functional

Jo(@) = [I(7h) 1, l| g

Since J,(1) = (k)" we have from our inequality:

K> =ty ((en)" - (525 ) =

_ (xn) (1 _ ﬁ) = (nh)"nIn(2) + O(e)
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Proof that the quantum Wigner entropy is bounded

below

@ Sketch of the proof (cont.):
Now consider the inequality:

0<1X(1 - X7) < —XIn(X) ,
g

which holds for o > 0 and all X € [0, 1]. If we set o = € + €

and X = (wh)"p,(2), then:

0 < 02) [1 () (2)+] <

e+e2

< —=(wh)"1p(2) In ()" 11(2))
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Proof that the quantum Wigner entropy is bounded

below

@ Sketch of the proof (cont.): Upon integration over z € R2"
we obtain:

0 < Ke < (wh)" (H[p] — nin(rh))
Taking the limit e — 0, we obtain:

H{pp) > nin(27h)
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Wigner positivity
Hudson’s theorem

@ Epilogue: A discussion about Wigner-positive states

Theorem (Hudson, 1974; Soto and Claverie, 1983)

The Wigner function of a pure state

Wix,P) = G || e+ /200Ky 72)e” 17 Pdly

is everywhere non-negative if and only if 1 is a generalized

Gaussian:
¢(X) _ e—X-AX+b~X+C

where A € C"™" Re(A) >0,be C"andc € C.
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Wigner positivity
Mixed states

For mixed states the situation is much more complicated.
@ Various constructions of Wigner-positive states:

(I) A Gaussian measure
e—%(z—zo)'f_1(z—20)
(27m)"Vdet X

is the Wigner function of some density matrix if and only if
its covariance matrix ¥ satisfies the
Robertson-Schrddinger uncertainty principle:

F(z) = , Z€ R

ih
—J >
Z+2J_O
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Wigner positivity
Mixed states

(Il) Since W is a convex set, we can obtain new
Wigner-positive states through convex combinations of
other known Wigner-positive states.

(1) One can also obtain Wigner-positve states through suitable
convolutions. A notable example is the Husimi function: it
is the convolution of a Gaussian with some Wigner function
which is also a Wigner function and everywhere
non-negative.
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Wigner positivity
Narcowich-Wigner spectrum

(Il) (Cont.) Let S (L3(R™)) be the set of density matrices.
Through the Weyl map it is isomorphic with the set of
Wigner functions W,(R?"):

W, : S(LzA(]R”)) — Wi(R2")

p = Wp(2)

Let us replace i by some other constant o € R.

Definition

Let F € L2(R?") N C(R?") be real and normalized. We say that
F is of the a-positive type if W;'(F) € S (L3(R")). The
Narcowich-Wigner spectrum of F is:

Spec(F) := {a € R : F is of the a-positive type }
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Wigner positivity

Narcowich-Wigner spectrum

Theorem (Kastler, Loupias, Miracle-Sole)

Let F € L?(R?") and denote by F its symplectic Fourier
transform:

F(a) = (F,F)(a) := L F(2)e"(29) gz

Then F is of the a-positive type if and only F is continuous and
the m x m matrix with entries

o~

My = F(a — ax)e2 (@20

is hermitean and non-negative for any m € N, and any set of m
points ay,-- - ,am € R3".

@ Bochner’s theorem for positive-definite functions: o = 0
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Wigner positivity
Narcowich-Wigner spectrum

Properties:
@ «a € Spec(F) & —a € Spec(F)
@ Spec(F) = Spec(F o S), forany S € Sp(2n).
@ If Fis a Gaussian state, then Spec(F) = [—Amax; Amax|,

where Anax is largest symplectic eigenvalue of the
covariance matrix of F.

@ If « € Spec(F) and g € Spec(G), then
a+ 3 € Spec(F x G).
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Wigner positivity
Narcowich-Wigner spectrum

@ Narcowich (1988): Let F be a Wigner function. Under what
conditions is the convolution F x G with any other Wigner
function G again a Wigner function?

(i) 0 € Spec(F)
(i) 2k € Spec(F)

@ Wigner-positive states from convolution:

(i) If{—h,0,h} C Spec(F) and {—h, h} C Spec(G), then
{—2h,—h,0,h,2h} C Spec(F x G)
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Wigner positivity
Narcowich-Wigner spectrum

@ Wigner-positive states from convolution (cont.):
) If {—2h, —h,h,2h} C Spec(F) and {—#, h} C Spec(G), then
{-8h,—2h,—h,0,h,2h,3h} C Spec(F x G)

Notice that the Husimi function is obtained through the
procedure (i). In both cases (i) and (ii) we have
automatically more elements in Spec(F = G) than we need.
An alternative is:

(iii) 1f {—%, 2} c Spec(F) and {—%,4} c Spec(G), then
{-h,0,h} C Spec(F ~ G)
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Wigner positivity
Narcowich-Wigner spectrum

@ Question: Are there any Wigner functions F such that
{—h 1Y = Spec(F)? The answer is yes!

Theorem (N.C. Dias, JNP, 2009)

Let p = |f >< f| be a pure state and o € R\ {0}. Then:
(i) Iff is a Gaussian state, then Spec(W,,f) = [—«, o]

(i) Iff is a non-Gaussian state, then Spec (W,,f) = {—a, a}
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Wigner positivity
Non-standard symplectic vector spaces

(IV) (Cont.) One can also obtain Wigner-positive states through
Weyl-quantization on non-standard symplectic vector
spaces.

e Symplectic vector space (R?"; w) with symplectic form:

w(z,Z)=z-Q 7 ,vz,Z ¢ R*"

Q € GI(2n; R) is skew-symmetric.
e Symplectic group: S € Sp(2n;w) if

w(Sz,87') = w(z,2'), Vz,z' € R?"
= 8QST=Q

e P is w-anti-symplectic if
w(Sz,87') = ~w(z,2'), Vz,z' € R?"

& SQST = -Q
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Wigner positivity
Non-standard symplectic vector spaces

@ The standard symplectic form is:
0(z,2)=z-J ' Z=p-xX-x-p,

where z = (x,p), 2 = (x',p')and J = —JT = —J ' is the
standard symplectic matrix.

@ Every g-anti-symplectic matrix P can be written as
P =SR= RS
where S, S’ € Sp(2n; o) and R is the matrix which inverts

the momentum: |
0
=0 %)
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Wigner positivity
Non-standard symplectic vector spaces

@ Darboux theorem: There exists a linear isomorphism
¢ : (R?";w) — (R?"; 7), such that

o =w
Thus, there exists D € GI(2n; R2") such that:
Q= DJDT

We call ¢ a Darboux map and D a Darboux matrix. The
Darboux matrix is not unique: D, D’ are Darboux matrices
if and only if (D')~'D, D~'D' € Sp(2n; o). The set of all
Darboux matrices is denoted by D(2n; w).
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Wigner positivity
Non-standard symplectic vector spaces

(A) Weyl quantization on (R?"; o)

o Heisenberg algebra: Let (f)(x) = (
and (pxy)(x) = —idki(x ),/7k:1 . SetZ:(a, )-

[Z,éﬁ} = iusl, [za,/] —0,Ya,f=1,---,2n

e Heisenberg-Weyl displacement operators: for
§ = (X0, o) € R?"

(D7 (&)v)(x) = (€7EDy)(x) =
= (P T0P)y)(x) = err— b ag)(x — xo)
e Commutation relations:

BO(g)ﬁU(C) — e%a(&()ﬁa(f + C) _ eia(g,g)ﬁg(c)ﬁo(@
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Wigner positivity
Non-standard symplectic vector spaces
@ Schrddinger representation of the Heisenberg group H(n):
Ve, r)=eD7(Q) . (&) e RZM
1
6 (€)= (e+€r 1+ gol6.€)
@ Weyl operators: Given &’ € S'(R2"):
~ 1\"7 ~
A= () F,a’(z)D’(z)dz
271' R2n
@ Weyl correspondence: S§'(R?") — £ (S(R"),S'(R™))

5 Weyl » 5 Weyl

A+ A or A= g
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Wigner positivity
Non-standard symplectic vector spaces

@ Wigner functions:

o= >< v &5 (2r)"W,(2)

~ Weyl
p= Pl >< gl = (2m)"Wop(2) = (27)" 3 0 Woty(2)
@ Expectation values:

<A>,=THAp) = /

a’(z)W,p(z)dz
R2n
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Wigner positivity
Non-standard symplectic vector spaces

(B) Weyl quantization on (R?";w)

e Modified Heisenberg algebra: Let == PZ where
P € D(2n; w).

[Ea,éﬁ] = iQagl [20,7] —0,Ya,8=1,---,2n

e Modified Heisenberg-Weyl displacement operators: for
¢ = (X0, Po) € R®":

Dw(g) _ efw(gé) _ eia(P*%,E) _ 50(,3—15)

e Commutation relations:

~ ~

D*(&)D*(¢) = eéw(&()ﬁw(g +0) = eXEID ()P (¢)
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@ Schrédinger representation of the modified Heisenberg
group H¥(n):

Ve(e,r) = €7D7(E) . (€,7) e R
’
6 €7) = (4 €0+ 7+ 30l6))
@ Weyl operators: Given &’ € S'(R2"):
A= (L) o Fra(2)D°(2)dz =

= m fR2” fUaU(PqZ’)D‘”(Z’)dZ/
On the other hand:
FLa (P~ 15 fRZn /o(P—1z,z’)aa(Z/)dz/ _

(Zﬁ)nm Jpen €@V a7 (P~1u)du
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This suggests the following definition of w-symplectic Fourier
transform and w-Weyl Symbol:

Foa(z) = e w22 g(2')dz’

mﬁﬂ
a(z)=a (P 'z)

Thus: ~

A= (27) "\/W /]R?" i
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@ Expectation values:

<A >p= Jpen @ (2)Wyp(2)dz

= Vot Juen @ (P71 2)Wop(P12)02' =

—fR2n wp( )d
where
@ Wigner functions:
1
W,p(2) = ——W,p(P 'z
§2) = e Wop(P'2)

@ Darboux Invariance: Expectation values, probabilities are
independent of P € D(2n;w).
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@ Examples:

Example 1: 2 subsystems - Alice with nas degrees of freedom and Bob
with ng degrees of freedom; n = ns + ng.

Zp = (Xa, pa) € R?M | zg = (x, pg) € R?"®

z = (Xa, X8, Pa, ps) € R?"

Partial transpose (reversal of Bob’s momentum):

I 0 0 O XA XA

101 0 O xs | _ XB

zZ+— Pz= 00 1 0 oa | = o
0 00 -l Ps —ps
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Note that P is neither o-symplectic nor o-anti-symplectic. Thus
W(,p(P*1z) is not, in general, a o-Wigner function.
Rather, we can think of P as Darboux matrix for the symplectic

form:
w(z,2)=z-Q7'7,
with
0O 01l O
_ T 0 0 0 -l
Q=PJP' = 100 0
0O I 0O
And:

Wop(P~"2) = Wop(2)

States which satisfy the PPT criterion (and in particular,
separable states) lie in the intersection of the sets W, (R?") of
o-Wigner functions and W,,(R?") of w-Wigner functions.
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@ Examples (cont.)
Example 2: Let

| A () 2 AR B©®
S():<C(1) o ) - and SB=( o o

be two free symplectic matrices (det B(") £ 0, det B # 0)
Let S(), S(2) be associated metaplectic operators and set

Jsn(©) = (SD) (©) . dse(n) = (SPv) (n)

A (1)
1,2) .__
Dl )-—< (@) B(z))
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Assume that det D(12) £ 0 and that it is neither o-symplectic
nor o-anti-symplectic. Again, we define:
.
w(z,Z)=z-Q 2, Q=D12y (0(112))

Then, the associated Wigner function
W,1p(2) = Jdlﬁ W,y (D(12)z) has the following marginals:

fR” oﬂ/)fndn—h/)s ()|
fRn wq/) 57 |1ZS(2) (77)|2
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This generalizes:
Jan Worb(x, p)dp = [1h(x)|2

fR” UQ/)Xde—|.7:}L¢( )|

N.C. Dias, J.N. Prata Quantum Wigner entropy



Wigner positivity
Non-standard symplectic vector spaces

@ Examples (cont.)
Example 3: A modified Heisenberg-algebra (noncommutative QM,
string theory, quantum Hall effect, etc.)

[a‘la/q\Z} = IGT, [671,131] = [62#32] = IhTa
[P1,P2] = [G1,P2] = [G2. 1] =0

Symplectic form:

0 6 0 h
9 0 K O
Q=109 _no o0
-h 0 00

It can be shown that:

We(x,p) = (217771) /R e+ y/2) 50 DKy R)e B Py
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where

Y(X+y/2) %o p(x —y/2) = p(X + y/2)p(x — y/2)+

B(5e(x+y/2) 52 (x —y/2) = Sa(x +y/2) 5 (x — y/2)) + O(6?)

We have in particular:

[, Wbt pio = 06 =0 0

Thus, in general, the marginal distribution is not everywhere
non-negative, but it is of the 6-positive type.

@ Conclusion: If W« is simultaneously a w-Wigner function
and a o-Wigner function, then its marginal distribution is a
positive o-Wigner function for a particle with position
X = x1 and momentum p = x», provided we set § = F.
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