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Metrology

The scientific study of Measurements and Estimation.
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U®) —— Yo — {Ifi}}

Ability to guess 8 depends on a Kirkwood-Dirac distribution.
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[Wikipedia]
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Kirkwood-Dirac Distribution

Properties Observables
A =3 a]a;){a;
F =2 fHiliNf]

Open Question
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Kirkwood-Dirac Distribution

Qi; () = Tr(If;){fi|ai)a:]p)

Properties Observables
A =73, a;|a;)a]
F =3, fIANA

Open Question

© Hitachi, Ltd. 2021. All rights reserved. ]_ 3



Kirkwood-Dirac Distribution n'f'p'T‘??,C]'\T'!t

Kirkwood-Dirac Distribution

Qi; () = Tr(If;){fi|ai)a:]p)
Q;;(0) eC

Properties Observables
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Kirkwood-Dirac Distribution

Qi; () = Tr(If;){fi|ai)a:]p)
Q;;(0) eC

Properties Observables
> 0 =1 A =Yaa)a
> F =3l

> 0i;) =p
J

Z Q;;j (D) = p;

Open Question
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Kirkwood-Dirac Distribution

Qi; () = Tr(If;){fi|ai)a:]p)
Q;;(0) eC

Properties Observables

> 0 =1 A =Yaa)a
g F =3, 1A
> 0 =p

J

Open Question
Z Qi,;(P) = p;
i

Other (less elegant) functions satisfy the conditions.
What extra conditions would uniquely determine Q?
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Kirkwood-Dirac Distribution

Observables
A =3 aa;)a]
B = ¥ b;|b;)(b;]
F =% fil i) fiel
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Kirkwood-Dirac Distribution

> Qi) =1

i,j,k

Observables
A= ¥aila;)a;]
B = ¥.; b;|b;)(bj|
F =% fil fiXfi
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Inspire the Next

Kirkwood-Dirac Distribution

Qi (P = Tr(1fi)(ficlb)bjlai)aslp)

> Qi) =1

i,j,k

' ﬁ‘Negative energies and\
probabilities should not be
considered as nonsense. They
are well-defined concepts
mathematically, like a
negative of money.” )

Observables
A= ¥aila;)a;]
B = ¥.; b;|b;)(bj|
F =% fil fiXfi
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Inspire the Next

' ﬂ‘Negative energies and\
probabilities should not be
considered as nonsense. They
are well-defined concepts
mathematically, like a
negative of money.” )

Kirkwood-Dirac Distribution

> Qi) =1

i,j,k

Observables
A= ¥aila;)a;]
B = ¥.; b;|b;)(bj|
F =% fil fiXfi

When is Q(p) non-classical?
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Inspire the Next

Kirkwood-Dirac Distribution ' ﬂ‘Negative energies and\
probabilities should not be
considered as nonsense. They
are well-defined concepts
mathematically, like a

negative of money.” )

Observables
= %, a;|a;){a;]

J. Phys. A: Math. Theor. 54 (2021) 284001 (20pp) https://doi.org/10.1088/1751-8121/ac0289 B _ Z b | b ) < b |

F =% flfi)lfi

When is Q(p) non-classical?

S

10P Publishing Journal of Physics A: Mathematical and Theoretical

Py

Conditions tighter than noncommutation
needed for nonclassicality

David R M Arvidsson-Shukur'2:3:%,
Jacob Chevalier Drori*® and
Nicole Yunger Halpern?5:6.7:8.9
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Kirkwood-Dirac Distribution

Qi; () = Tr(If;){fi|ai){a:]p)

Formula of interest

Modus Operandi
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Kirkwood-Dirac Distribution

Qi; () = Tr(If;){fi|ai){a:]p)

Formula of interest
f(4,B,...F;p) = fIQ(D]

Modus Operandi
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Kirkwood-Dirac Distribution

Qi; () = Tr(If;){fi|ai){a:]p)

Formula of interest
f(4,B,...F;p) = fIQ(D]

Modus Operandi
?
fP = optopyepf[QA = ™ =optep{f[QMA)]
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Kirkwood-Dirac Distribution

Qi; () = Tr(If;){fi|ai){a:]p)

Formula of interest
f(4,B,...F;p) = fIQ(D]

Modus Operandi

optimal experiment from: Q*(p) = argopty){f[Q(P)]}
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Kirkwood-Dirac Distribution

Qi; (P = Tr(1f;){f;]ai)a:| )

Total Non-positivity

Classical Distribution Quantum Distribution
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Kirkwood-Dirac Distribution

Qi; (P = Tr(1f;){f;]ai)a:| )

Total Non-positivity
NP = ) [0:; )]
LJj

Classical Distribution Quantum Distribution
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Kirkwood-Dirac Distribution

Qi; (P = Tr(1f;){f;]ai)a:| )

Total Non-positivity
NP = ) [0:; )]
LJj

Classical Distribution Quantum Distribution

Nie@] =1 NP1 =1
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Intermezzo: Kirkwood-Dirac Distribution Inspire the Next

Scrambling/out-of-time-ordered correlators:

s c L* g 2 . 13
José Raiil Gonzilez Alonso, " Nicole Yunger Halpern,” and Justin Dressel

Out-of-Time-Ordered-Correlator Quasiprobabilities Robustly Witness Scrambling

Entropic uncertainty relations for quantum
information scrambling

Nicole Yunger Halpern® 25, Anthony Bartolotta® & Jason Pollack?

The quasiprobability behind the out-of-time-ordered correlator

234 and Justin Dressel® ¢

Nicole Yunger Halpern,! Brian Swingle,

Optimizing measurement strengths for qubit quasiprobabilities behind
out-of-time-ordered correlators

Razieh Mohseninia,"* José Raiil Gonzilez Alonso®,* and Justin Dressel ©'

Thermodynamics:

Foundations

A quasiprobability distribution for heat fluctuations in the quantum regime

Amikam Levy!’»23 and Matteo Lostaglio® % *

Jarzynski-like equality for the out-of-time-ordered correlator

Nicole Yunger Halpern®

Metrology:

Quantum Advantage in Postselected Metrology

David R. M. Arvidsson-Shukur,’ 2% Nicole Yunger Halpern,® %3 Hugo V.
Lepage,® Aleksander A. Lasek,® Crispin H. W. Barnes,® and Seth Lloyd>?

Linear positivity and virtual probability

James B. Hartle*®

Complex joint probabilities as expressions of
reversible transformations in quantum mechanics

Holger F Hofmann
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Fisher information IYITIJT%C{T'L

—

Any Experiment Information Analysis

mu— g — po}

Experiment Outcomes I
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—

Any Experiment | Information Analysis
|
mu— g — po}
I
Experiment Outcomes I
p1(6) I
p2(0) :
p3(6) —> 0. I
. |
pum (6) -
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—

Any Experiment | Information Analysis
|
mu— g — po}
I
Experiment Outcomes I
p1(6) I
p2(0) :
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. |
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|
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—

Any Experiment Information Analysis

No Bias: E[f. —0|0] =0

|
mu— g — po}
I
Experiment Outcomes |
p:(6) L D p0) 6 -0)=0
p2(0) ) 7
p3(0) —> 6. !
Pu (0) :
Var(6,) =? |
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—

Any Experiment Information Analysis

No Bias: E[f. —0|0] =0

|
mu— g — po}
I
Experiment Outcomes |
p1(6) | anpj(Q) 6.—60)=0
p2(0) . 7
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Fisher information IYITIJT%C{T'L

—

Any Experiment Information Analysis

No Bias: E[f. —0|0] =0

|
mu— g — po}
I
Experiment Outcomes |

P1(6) L D [0en @] 6. —8) —1=0

p2(0) . 7

p3(0) —» 6. |
P () :
Var(6,) =? :
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Fisher information IYITIJT%C{T'L

—

Any Experiment Information Analysis

No Bias: E[f. —0|0] =0

|
mu— g — po}
I
Experiment Outcomes | 5
p1(6) | [Zp;(e) 3onp; (0)] (8 — )] =1
p2(6) . J

r3(6) —» 6. |
Pu(6) :
Var(6,) =? |
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—

Any Experiment Information Analysis

No Bias: E[f. —0|0] =0

|
mu— g — po}
I
Experiment Outcomes | ,
p1(6) ! ij(e){agln[pj(e)]}
p2(60) . J
1.0.3.(9) — 6, X ij(e)[ee — 02 =1
Pu (0) : /
Var(6,) =? |
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—

Any Experiment Information Analysis

No Bias: E[f. —0|0] =0

|
mu— g — po}
|
Experiment Outcomes | ,

plgg% i ij(e){agln[pj(e)]}

b2 . J

ps(0) — 6, X ij(e)[ee — 02 =1

Pu(6) : /

Var(6,) = ? I Var(6,) = 1/3(6)

i [Fisher information]

i g@:Zm@mwmmf
]
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—

Any Experiment Information Analysis

No Bias: E[f. —0|0] =0

I
mu— g — po}
I
Experiment Outcomes | ,
p1(6) ! ZPJ(H){aeln[Pj(e)]}
p2(6) " J
?.3.(9) — 6, b ij(e)[ee — 02 =1
pm(6) [Cramer-Rao Bound] : !
- Var(6,) = 1/7(6)
Var(He) = W |
I [Fisher information]

i g@:Zm@mwmmf
]
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—

I Quantum Experiment N ) e Information S

| Output |
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Quantum Experiment Information

Probe A a1 A
mitialization [~ Do~ VO~ Dg - /74 |

ﬁ(@) — ei@ﬁ

Output
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Quantum Experiment Information

Probe A 3 A .
Initialization [ po_ U(0)— pe = /74 |

(’]‘(9) — ei@ﬁ |
Output :
{p;(0) = (filpelf;)}  —> 6 ;

[Cramer-Rao Bound]

Var(@e) = W

[06p,(0)]°

70)=="% !

© Hitachi, Ltd. 2021. All rights reserved. 44



Quantum metrology IY'T'JT%CI'\T'L

Quantum Experiment Information

Init};rl(i)b;cion B ﬁ — 0O py - I 9ep(f;|Ws) = 0g(f; :
z 0 Po : op(fi|¥a) = 96(f;|¥o) (¥olf))

(7(9) — ei@ﬁ :
Output :
{p;(0) = (filpelf;)}  —> 6 ;

[Cramer-Rao Bound]

Var(@e) = W

[06p,(0)]°

70)=="% !
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Quantum Experiment Information

Init};rl(i)b;[ion B ﬁ = [7(9)— Dn — ! 0 - = ilf.|A N — il f. Al £,
z 0 Po : op(fj|Wo) = i{f;|A|Wo ) (Walf;) — ilf;1We )(WolAlf)

(7(9) — ei@ﬁ :
Output :
{p;(0) = (filpelf;)}  —> 6 ;

[Cramer-Rao Bound]

Var(@e) = W

[06p,(0)]°

70)=="% !
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Quantum Experiment Information

Probe | oA (7(9)— A : | _ | e
Initialization p() pg : aep(f] |l{J9) ZIm(f] |'Wo )(qje |A |f1>

(7(9) — ei@ﬁ :
Output :
{p;(0) = (filpelf;)}  —> 6 ;

[Cramer-Rao Bound]

Var(@e) = W

[06p,(0)]°

70)=="% !
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Quantum Experiment Information

Init};rl(i):;cion_ﬁ_ﬁ(g)_ Dp - I 9op(f;|¥s) = 2%;a; -1 - (p
0 p@ ) 6P f]l 9) 24 m[Ql,](p)]

(7(9) — ei@ﬁ :
Output :
{p;(0) = (filpelf;)}  —> 6 ;

[Cramer-Rao Bound]

Var(@e) = W

[06p,(0)]°

70)=="% !
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Quantum Experiment Information

Init};(i):;cion_ﬁ_ﬁ(g)_ Dp - I 9op(f;|¥s) = 2%;a; -1 - (p
0 p@ ) 6P f]l 9) 24 m[Ql,](p)]

I Q: () = (fi|We (Wola;Xa;If;)
Output

{p;(0) = (filpelf;)}  —> 6 ;

[Cramer-Rao Bound]

Var(@e) = W

[06p,(0)]°

70)=="% !
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Quantum Experiment Information

Init};(i):aetion_ﬁ_ﬁ(g)_ Dp - I 9op(f;|¥s) = 2%;a; -1 - (p
0 p@ ) 6P f]l 9) 24 m[Ql,](p)]

U 9 — i6A
(0) | Q: () = (fi|We (Wola;Xa;If;)
Output I
|
(0 = (filbelf;)} —> 6 |
!
[Cramér-Rao Bound] I
Var(6,) = ; '

N7 (6)

Gp]( ) Z(Zlal Im Ql](p)])

TO ==& G
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Kirkwood-Dirac Distribution

Qu,j(P) = (fi|Wo {Wolai)ail f;)

Prob A 7 A
Initialization [~ Po~] O Po /74

Formula of interest

Modus Operandi
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Kirkwood-Dirac Distribution

Qu,j(P) = (fi|Wo {Wolai)ail f;)

Prob A 7 A
Initialization [~ Po~] O Po /74

Formula of interest

p;(0)

Modus Operandi

N2
7(6) = 42 (Xia; - Im[Q;;(P)])
j
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Kirkwood-Dirac Distribution

Qu,j(P) = (fi|Wo {Wolai)ail f;)

Prob A 7 A
Initialization [~ Po~] O Po /74

Formula of interest

_ (Xia; - Im [Qi,j(ﬁ)])z
7(0) = 42 > %)

Modus Operandi

JP(0) = maXQ(ﬁ)e[o,u{j(H)} =0

jnp(e) = maxQ(ﬁ){ﬂ(H)} >0
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Quantum Experiment Information

Probe A 3 A .
Initialization [ 100_ U(0)— pe = /74 |

Output

{pj(®) =Tr(E;pg)} —> b

[Cramer-Rao Bound] I

Var(@e) > W
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Quantum Experiment Information

Inalistion [~ Do—17OF Do '/74 I 7(6) = ij(H){aeln[Pj(H)]}z
j

0(6) = eio4
Output

{p](H) = TI'(EJﬁg)} —_—) 0O,

[Cramer-Rao Bound] I

Var(@e) > W
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Quantum Experiment Information

Inalistion [~ Do—17OF Do '/74 I 7(6) = ij(H){aeln[Pj(H)]}z
j

-~ _ 9 1
) = e 4 I [Braunstein & Caves - 94]

Outp | To(819e) = maxgz;{1(9)} = Tr(peA7, )
utpu -

{pj(®) = Tr(E;jpg)} —> o © OgPg =

[Cramer-Rao Bound] I

Var(@e) > W
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Quantum Experiment Information

Inalistion [~ Do—17OF Do '/74 I 7(6) = ij(H){aeln[Pj(H)]}z
j

-~ _ 9 1
) = e 4 I [Braunstein & Caves - 94]

Outp | To(819e) = maxgz;{1(9)} = Tr(peA7, )
utpu

~ R 1, o~
{pj(6) =Tr(Eipg)} — 6 - OgPg = 5(/\,39/)9 + po As,)

I Purestates:  py = |Wo)(Wy|
[Cramer-Rao Bound] I ) ) 2
To(01pg) = 4(Wg|A?|Wp) — 4|(Wy|A|Wp)|

Var(@e) > m
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Quantum Experiment Information

Inalistion [~ Do—17OF Do '/74 I 7(6) = ij(H){aeln[Pj(H)]}z
j

~ . 9 1
U(o) =e'4 I [Braunstein & Caves - 94]

Outp | To(819e) = maxgz;{1(9)} = Tr(peA7, )
utpu

~ R 1, o~
{pj(6) =Tr(Eipg)} — 6 - OgPg = 5(/\,39/)9 + po As,)

I Purestates:  py = |Wo)(Wy|
[Cramer-Rao Bound] I ) ) 2
To(01pg) = 4(Wg|A?|Wp) — 4|(Wy|A|Wp)|

Var(@e) > m

max{ﬁo}{jQ (9|ﬁ9)} = (Amax — amin)z = (Aa)?
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Quantum Experiment Information

Inalistion [~ Do—17OF Do '/74 I 7(6) = ij(H){aeln[Pj(H)]}z
j

~ . 9 1
U(o) =e'4 I [Braunstein & Caves - 94]

Outp | To(819e) = maxgz;{1(9)} = Tr(peA7, )
utpu

~ R 1, o~
{pj(6) =Tr(Eipg)} — 6 - OgPg = 5(/\,39/)9 + po As,)

I Purestates:  py = |Wo)(Wy|
[Cramer-Rao Bound] I ) ) 2
To(01pg) = 4(Wg|A?|Wp) — 4|(Wy|A|Wp)|
Var(@e) > m
1 l

2
N (Aa) © Hitachi, Ltd. 2021. All rights reserved. 59
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Kirkwood-Dirac Distribution

Qi; () = Tr(If;){fi|ai){a:]p)

Prob A 7 A
Initialization [~ Po~] O Po /74

Formula of interest

_ (Xia; - Im [Qi,j(ﬁ)])z
7(0) = 42 > %)

Modus Operandi

JP(0) = maXQ(ﬁ)e[o,u{j(H)} =0

0< jnp(e) = maxQ(ﬁ){ﬂ(B)} < (Aa)z
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et oot 50 12

[photoCred: H. Lepage]
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To(6175°)

[photoCred: H. Lepage]
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Post-selected quantum metrology Inspire the Next
S ~PS
Pr b A Ty A F
Initialization — D1V pg _i—ﬁ Po
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Post-selected quantum metrology Inspire the Next
S ~PS
Pr b A Ty A F
Initialization — D1V pg _i—ﬁ Po

~PS
‘7Q (9 |,019) ) < (amax — amin)z, In a classically non-negative theory
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Post-selected quantum metrology Inspire the Next
S ~PS
Pr b A Ty A F
Initialization — D1V pg _i—ﬁ' Po

~PS
‘7Q (9 |,019) ) < (amax — amin)z, In a classically non-negative theory

. Probe A~ A
Same as: Initialization [ p()_ ﬁ(@)— pG —/74
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Post-selected quantum metrology - Bounds Inspire the Next
5 ~PS
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