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Quasiprobabilities in phase space 

•  Glauber P–function 
 
•  Wigner W–function 

•  Husimi Q–function 
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Measure of  uncertainty in phase space ? 

!  Based on Husimi fct                                           Wehrl entropy 
 
    but lacks some key properties: 

"  all Gaussian pure states are not minimum–uncertainty states 
"  not invariant under Gaussian unitaries 
"  linked to one preferred measurement (heterodyne) 

 

!  Based on Wigner fct                                            “ Wigner entropy ” 

    enjoys several key properties: 

"  invariant under Gaussian unitaries (area preservation) 
"  natural link with continuous majorization theory 
"  marginals of  W are genuine probability densities 

genuine probability density 

regular quasiprobability density 
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Most natural uncertainty functional ? 

Wigner entropy 

Two main claims :  

"  h is a legitimate uncertainty functional for all positive Wigner functions 
   (but then we have to solve some open conjectures)  

 
"  h remains a sound quantity when extended to negative Wigner functions 

   (but then we have to deal with complex entropies) 

Shannon differential entropy of Wigner function 

Initial question :   how to build entropic uncertainty relations (EUR) 
    that are invariant under Gaussian unitaries ? 







... invariant under Gaussian unitaries ? 

Heisenberg, Kennard Bialynicki-Birula & Mycielski  

Schrödinger, Robertson 
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PRINCIPAL AXES 

Seeking EUR saturated 
for all pure Gaussian states 

•  improved (hybrid) inequality 

•  multicopy inequality 

•  Wigner entropy 

x 

p 

Several attempts : 
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h(W ) � ln(⇡e)
sort of joint entropy 
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Conjecture  (it is proven that Gaussian 
pure states are local minimizers) 

? 

(hybrid form)  

Hadamard ineq. 



? 



Wigner entropy conjecture 
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Tighter bound than Bialynicki-Birula & Mycielski EUR since  
 ? 
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W+ = {W (x, p) : W (x, p) � 0, 8(x, p)}
Set of  positive Wigner functions 
 

is convex 

MINIMIZING A CONCAVE FUNCTION             OVER A CONVEX SET 
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SHOULD BE PROVEN FOR EXTREMAL STATES 

subadditivity of  
Shannon entropy 
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Bialynicki-Birula & Mycielski EUR  

Wigner EUR 
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concavity of  Wigner entropy h 

Van Herstraeten 
& NJC 

(only valid provided                     ) 
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Bialynicki-Birula & Mycielski  

Proof  for passive states                                         with 

(monotonically decreasing weights) 

<latexit sha1_base64="QT/WOC1rGZagJl7zAehWs8mM7JA="></latexit>

⇢̂pass =
X

k

wk |kihk|
<latexit sha1_base64="MI0gTArYgyEgZNnV/OsqhiLXWvk="></latexit>

wk � wk+1



Majorization relation in phase space ? 

According to Hudson theorem, these are all Gaussian pure states 
which are convertible into each other by Gaussian unitaries, 
hence they have the same “level function” (they are “level–equivalent”) 

Any Wigner–positive state is more disordered (in phase space)  
than Gaussian pure states 
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Wigner majorization conjecture 
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W (x, p) � W0(x, p) 8W � 0

# All positive Wigner functions W are “majorized” by the Wigner 
function W0 of  the vacuum state  (they are more disordered 
in the sense of  majorization theory) 

 

# All positive Wigner functions W that are related by a Gaussian 
unitary are “equivalent”  (in the sense of  majorization theory) 

 

# This implies Wigner entropy conjecture 

 

# Also implies a similar conjecture on all Wigner–Rényi entropies 
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Proof  for Wigner–positive phase–invariant states restricted to ≤ 2 photons 

Wigner–positive set 



mixture of  level–equivalent functions 

with weight  
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Dealing with Wigner–negative states ? 
Tentative definitions of  a (real–valued) uncertainty functional 
 
Desirable properties 
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but cannot be concave 

<latexit sha1_base64="tC0RQ6+LnHQ1UdIvAOkp9WaiTD0="></latexit>

�(W ) =

Z
�
�
W (x, p)

�
dx dp



Complex–valued Wigner entropy 

The fact that           should coincide with Wigner entropy  
over the full set of  positive Wigner functions (i.e., for                 )  
suggests to take the analytic continuation of  Shannon entropy 
in the complex plane 
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Imaginary part of  complex Wigner entropy 

Wigner negative domain 

          negative Wigner volume 

        (measure of  non–classicality, 
         invariant under Gaussian unitaries) 
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Complex uncertainty relation ? 

Physically allowed domain 
     in complex entropy plane ?  



Property :       Both the real and imaginary parts of  the 
                     complex Wigner entropy are symmetric functionals, 
                     hence invariant under symplectic transformations 

Property:      Both the real and imaginary parts of  the 
                   complex Wigner entropy evolve (under Gaussian additive noise) 
                   according to an extended de Bruijn identity 

complex-valued 
Fisher information 

complex-valued 
Wigner entropy 
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Complex–valued Fisher information 

... analytic continuation of  Fisher information in the complex plane 

complex logarithm function 

REAL PART IMAGINARY PART 
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(complex) de Bruijn identity 

when W undergoes Gaussian diffusion process  
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GAUSSIAN ADDITIVE-NOISE CHANNEL  
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Conclusions 

# Natural symplectic–invariant uncertainty measure in phase space 
# Yields tighter EUR but limited to  
# Full proof  of  Wigner entropy conjecture is needed 
# Full proof  of  Wigner majorization conjecture is needed 

# Complex extension seems reasonable  
   (c-numbers are ubiquitous in quantum mechanics) 

# The usual playground for quasiprobability distributions  
   in quantum phase space is precisely the complex plane 

# Yet, the operational meaning of  complex Wigner entropy is missing 
   (in terms of  – possibly complex – typical volume) 

REAL-VALUED 

COMPLEX-VALUED 
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